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The propagating chemical fronts found in cubic autocatalytic reaction-diffusion processes are
studied. Simulations of the reaction-diffusion equation near to and far from the onset of the front
instability are performed and the structure and dynamics of chemical fronts are studied. Qualita-
tively different front dynamics are observed in these two regimes. Close to onset the front dynamics
can be characterized by a single length scale and described by the Kuramoto-Sivashinsky equation.
Far from onset the front dynamics exhibit two characteristic lengths and cannot be modeled by this
amplitude equation. An amplitude equation is proposed for this biscale chaos. The reduction of the
cubic autocatalysis reaction-diffusion equation to the Kuramoto-Sivashinsky equation is explicitly
carried out. The critical diffusion ratio 8., where the planar front loses its stability to transverse
perturbations, is determined and found to be §. = 2.300.

PACS number(s): 05.45.4+b, 82.40.Ck, 47.20.Ky

I. INTRODUCTION

Propagating fronts separating regions with different
characteristics occur in many physical contexts. Often
such fronts have a complicated structure of their own as
in the fractal forms that arise in some diffusion-limited
aggregration processes or viscous fingering [1]. In this
paper we consider chemical fronts separating regions of
distinctly different chemical concentrations and study
the nature of the spatio-temporal dynamics that these
fronts exhibit. In these systems, under appropriate con-
ditions, a planar front may not be stable and complex,
even chaotic, front dynamics can arise. For example, this
is the situation often encountered in propagating flame
fronts which have been studied extensively [2]. The com-
plex dynamics of fronts can also underlie and determine
the character of spatio-temporal chaos and dynamics in
a variety of other chemical contexts [3].

We study a specific system here, the fronts in the cubic
autocatalysis reaction A + 2B — 3B, but several parts
of our analysis are general and should apply in other
situations. These cubic autocatalysis fronts have many
features in common with propagating flames [4]. An ex-
perimental realization of such chemical front instabili-
ties occurs in the iodate-arsenous acid reaction carried
out in a gelled medium to suppress fluid flow [5]. The
experiments show patterned fronts, much like those in
quadratic and cubic mixed-order models.

For the cubic autocatalysis model, when the diffusion
coefficient of the fuel A is sufficiently larger than that of
the autocatalyst B, the planar front is unstable to trans-
verse perturbations. We have investigated the nature of
the resulting front dynamics as a function of the diffu-
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sion ratio D 4/Dp in large systems. Several results have
emerged from our study of this system. For small enough
diffusion ratios within the unstable regime the front ex-
hibits complicated dynamics with statistically stationary
properties and is characterized by a single length scale.
Far beyond the instability point another chaotic regime
is encountered, termed biscale chaos, in which there are
two characteristic length scales.

We have carried out a detailed analysis of the front
dynamics in terms of amplitude equations. Just beyond
the instability threshold the front dynamics is described
in terms of the Kuramoto-Sivashinsky equation [6,7]. We
document this relation through a statistical characteriza-
tion of the interface. The regime far from the instability
point where biscale chaos is observed cannot be described
in terms of the Kuramoto-Sivashinsky equation and we
construct an amplitude equation in which the nonlinear
mode coupling is generalized. This amplitude equation
is able to capture the principal qualitative features of the
biscale chaos. This part of the analysis may generalize
to other situations.

We also give a detailed reduction of the cubic auto-
catalysis reaction-diffusion equation to the Kuramoto-
Sivashinsky equation. The coefficients that enter in this
equation are estimated analytically using solutions for
the right and left eigenvectors of the eigenvalue problem
that enters the analysis, and a numerical scheme is de-
vised that allows the computation of these coefficients for
any values of the diffusion coefficients. As a by-product
of this analysis we may easily determine the critical dif-
fusion ratio where the planar front becomes unstable.

II. CUBIC AUTOCATALYSIS FRONTS

Consider the autocatalytic reaction A + 2B — 3B
described by the reaction-diffusion equation

88—(: = —01,32 + DaAa,
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%’? = af* + DgAB, (1)
where a(t,r) and B(t,r) are the (scaled) concentrations
of the A and B species, respectively, with diffusion coef-
ficients D4 and Dpg. In one dimension, with suitably de-
fined initial conditions [8], this system supports isother-
mal chemical fronts [9].

In two space dimensions the planar front is unstable to
transverse perturbations when D4 is sufficiently larger
than Dp. The origin of such instabilities and the na-
ture of the resulting front dynamics have been the sub-
ject of earlier studies [4]. Horvéth et al. [10] performed
simulations of the cubic autocatalysis model (1) and in-
vestigated the bifurcation structure as a function of the
system length. For small system sizes, when the front
possesses a single minimum, the onset of chaotic behavior
was observed to occur through a period doubling cascade
in the temporal dynamics of the minimum. For large sys-
tem sizes the resulting front dynamics is best analyzed
in statistical terms. We now briefly describe and quan-
titatively characterize the nature of the front dynamics
for large system lengths as a function of the diffusion
coefficient ratio, § = D4/Dp.

We consider a two-dimensional system which is infi-
nite in the z direction and has length L along y, where
periodic boundary conditions are applied. The initial
conditions are taken to be {a(0,z,y) = 1, B(0,z,y) =
0| z < —w/2,Vy} and {«(0,z,y) = 0, B(0,z,y) =
1| =z > w/2,Vy}. The region {z,y | — w/2 <
z < w/2,0 < y < L} was divided into segments of
length £ along y and each segment was assigned the
values (a(0,z,y),3(0,z,y))=(1,0) or (0,1) with prob-
ability p = 1/2. It is convenient to represent the
front dynamics in terms of the isoconcentration profiles,
ha(t,y) and hp(t,y) defined by a(t,ha(t,y),y) = a, and
B(t, hpe(t,y),y) = B, where o, and [, are reference con-
centrations. Henceforth we focus on hp(t,y) measured
relative to its average value at time ¢t and denote this
quantity by h(t,y). We note that for these initial condi-
tions this average value moves with the minimum front
speed, which is selected from the continuum of allowed
front speed values.

Figure 1(a) shows a space-time plot of the minima
of h(t,y) for § = 5. In the integration [11] of (1) we
have scaled the length variables so that D4 = 1 and
Dpg = §~1. After an initial transient period during which
the interface develops, a moving front with statistically
stationary properties is formed. In this stationary regime
the spatio-temporal behavior can be described in terms
of the dynamics of the minima which play the role of
“particles” in the system. The particles collide and coa-
lesce and new particles are born so that the average den-
sity of particles per unit length remains constant. The
front dynamics may be characterized quantitatively by
the space-time correlation function

L
C(t,y) = <L‘1/0 dy'[h(t,y) — h(t,y+y')]2> » (2)

where the angle brackets signify an average over real-
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izations of the front evolution starting from the random
initial conditions given above. We also consider the time
average of C(t,y) in the stationary regime,

to+T
C’(y) = T—IZ dt’ C(t,ay) ’ (3)

where t( is a time longer than the transient period. The
correlation function (2) is sketched in Fig. 2 for several
values of the time ¢ and shows the development of cor-
relations during the transient period and the approach
to the stationary regime. The function C(t,y) exhibits
short range correlations with a tendency to reach a nearly
parabolic form, seen in the C(y) curve, which is charac-
teristic of diffusive transverse front dynamics and will
be discussed further below. The persistent short range
correlations are due to the existence of a characteristic
length £* arising from the front instability.

This type of behavior persists up to about § = 6 when
a new type of chaotic front dynamics, distinguished by
the appearance of a second length scale, is observed. The
second length scale is easily discerned in both the space-
time plot of the minima of h(t,y) shown in Fig. 1(b) for

a)

Space

b)

Space

Time

FIG. 1. Panels (a) and (b) are space-time plots of the min-
ima of the autocatalyst (B) profiles for the diffusion coefficient
ratios § = 5 and § = 8, respectively. The isoconcentration
level for these plots is 3, = 0.5. The ordinates range from 0
to L, where the system size is L = 2048. In the abscissas the
initial time is ¢ = 0 and the final time is ¢ = 100 000 for (a)
and t = 200 000 for (b).



-
14+
Ty(L-y)
12k pZ LD
[8%) ’ ’
- 2
—~ 8
)
bt
=4 I
o / t=1000
6 00 -
/ N
{.
{ =850
f

4+ | \

!
i =600 N\

2 i : i
£ :
£ £=200

0 1 1 1 1 4[‘

0 50 100 150 200 250

FIG. 2. The figure shows C(t, y) for § = 5 for several values
of t indicated on the plot, as well as C(y) and the theoretical
value of C(y) = I'y(L — y)/DL for a diffusive interface where
nonlinear terms in the Kardar-Parisi-Zhang equation can be
neglected. The parameter D = I'/D, determined from a fit
to the C(y) data, has the value D ~ 0.2. The parameter I'
may be estimated independently from the linear growth of
the k = 0 Fourier mode. Its value was found to be I" =~ 0.018.
Fronts corresponding to the isoconcentration lines 8, = 0.5
were used to construct these correlation functions. The sys-
tem length was L = 256 and C(t,y) was determined from an
average over 25 realizations of the front evolution. In the com-
putation of C(y), we used to = 25 000 and to + T = 50 000.

6 = 8 and the power spectrum,

to+T
B(k) =T / dt(|h(t, k)[2) . (4)

The power spectrum is presented in Fig. 3 for both § =5

01 &
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FIG. 3. Power spectra for § = 5 and § = 8. The isoconcen-
tration lines for 3, = 0.5 were used to construct these power
spectra. The system length was L = 2048 and E(k) was de-
termined from a single run of the front evolution. For § = 5
we used to = 25 000 and to + 7 = 100 000, while for § = 8 we
used to = 50 000 and to + 7" = 200 000.
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and § = 8. For § = 5 one sees a single peak corresponding
to the wave number of the most unstable mode. However,
for 6 = 8 the minimum in the power spectrum has filled
in, indicating the growth of modes with smaller wave
numbers and thus the appearance of structure on longer
length scales. We now turn to an analysis of these results
in terms of amplitude equations and provide a foundation
for the phenomenological picture of the front dynamics.

III. ANALYSIS OF FRONT DYNAMICS

A description of the origin of the front dynamics is
most conveniently given in terms of amplitude equations
for the front profile derived from the reaction-diffusion
equation (1). We analyze the dynamics close to the insta-
bility point in terms of the Kuramoto-Sivashinsky equa-
tion and show how this equation must be generalized in
order to explain the regime far beyond the instability
where a second characteristic length appears.

A. Dynamics of small perturbations

We present an adaptation of Kuramoto’s derivation
[12] for the case of small-amplitude perturbations which
yields the amplitude equation that will be used in the
subsequent analyses. We shall confine our attention to
the question of how the presence of a second dimension
affects the dynamics of the general reaction-diffusion sys-
tem,

— =F(z) + DAz. (5)

Here z is a vector of concentration fields and F(z) is
a vector-valued function describing chemical reactions.
We assume that in one dimension (5) possesses a sta-
ble solution with a propagating front profile z(¢,z,y) =
Zo(x — ct), where c is the velocity of the front. Following
the treatment by Kuramoto [12] we seek the dynamics of
a perturbed solution in the form

2(t,2,y) = 20(€ + do(t,y)) + D_ it v)wi(€) ,  (6)

>0

where £ = £ —ct. Asis customary, we use an abstract no-
tation (§|u;) = u;(§). The vectors |u;) are the solutions
of the eigenvalue problem,

[Dﬁ'(zo) +D 6? + 0—67] lw) = Llw) = \ijw), (7)
662 a€ T ] 3 T b

where DF is the Jacobian of the vector function F and £
is the operator in square brackets. Here a caret signifies
an abstract operator while the corresponding quantity
without a caret is its £ representation. We expand F(z)
in a Taylor series near zo and neglect terms of second or-
der and higher. Since the main features of the front dy-
namics are embodied in DF, the truncation of the Taylor
series does not discard any important information. Due
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to the translational symmetry of equation (5) we have a
straightforward solution of (7), namely |uo) = 8|zo)/8¢
corresponding to a zero eigenvalue. Taking this solution
into account we write

3(251

P i) = cluo) + F(ao) + D%zo 1 (Vo)? D ;’6 o)

>0

+A4:Dlu) + 3 ¢ [DF|uz> +D ;1 )

0
-f—ca£ |u,):| . (8)

Using the identity —c|uo) = F(zo) + D(8%/0£?)|2,) and
definition (7) we arrive at the expression

8¢z

s | w;) = \igi|wi) + Ag;Dl|u;) + (Veo)? 562'“")' 9)

Here and below we use the Einstein summation conven-
tion. Alternatively, after multiplication by (u;|, (9) may
be represented by a set of coupled equations

0o
ot

= Ai¢i + (w;|Dlu;)Ag; + (u,|D |u0) (V¢0)

(10)

This set of equations can be formally solved for modes
¢: (i # 0) by treating ¢o as an independent function and
applying Duhamel’s principle to the resulting system of
inhomogeneous linear equations. We find

b(t) = e™Ve(0)
+ / dse™ ) [aAdo(s) + b[Vo(s)?] .  (11)

0
In (11) we use the following notation: the matrix op-
erator W has elements W,_,, = 0;; A + (u;|Dlu;)A, the
vectors a and b have elements a; = (u;|D|ug), b; =
(u;|D(8/8€)|uo), respectively, and ¢ is a vector with el-
ements ¢; (i > 0).

Assuming that exp(VVt) decays rapidly compared to
¢o we may perform the integration in (11) and substitute
the result into the equation for ¢ to obtain

9¢ o
B—to = ag — Z C,’{W 1},']'de

i,j>0

Ado

+lbo— >, c{ W}i0,8 | (Vo)®

i, >0

(12)

where ¢; = (ug|D]|u;). This is the generalized amplitude
equation which will form the basis of the analysis of the
biscale front chaos given below.

If the dynamics is described by small ¥ modes one can
take W~ to be a diagonal matrix 6;;/A; and by omitting
second order terms in the coefficient of (V¢)? one obtains
[13]
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%% — (uolDluo) Ado + <uo|D—nuo> (Vébo)?

-3 (uolDluqutlDluO)

>0

(13)

The coefficient of the (V¢0)2 term is obtained from the
following identity:

0= [ [(wol 1€} €luc) — (wole) €l luo)) de

= [z<uo|g><glna%|uo> + (c - D%) (uol£><£luo>]

T

(14)

The above formula vanishes for all =z so that af-
ter integrating over the entire domain we obtain
(uo|D(8/€)|ug) = —c/2 and observe that the expres-
sion has a universal character. This gives the Kuramoto-
Sivashinsky equation

| % = I/A¢0 - g (V¢0)2 - I{A2¢0 5 (15)
with
v = (uo|D]|ue) (16)
and
Y T T T o
>0

A stability analysis of (10) shows that the planar front
is unstable with respect to long-scale, small-amplitude
perturbations when v < 0.

In the next subsection we analyze the cubic autocataly-
sis front dynamics in terms of both the generalized ampli-
tude equation (12) as well as the Kuramoto-Sivashinsky
equation (15).

B. Amplitude equation description of front dynamics
1. Dynamics near instability

The Kuramoto-Sivashinsky equation provides insight
into the nature of the cubic autocatalysis fronts close
to the instability point, and we briefly comment on this
connection. Simulations of the Kuramoto-Sivashinsky
equation produce height correlation functions and space-
time plots [cf. Fig. 4(a)] of the front dynamics similar
to those of the cubic autocatalysis model. In terms of
the Kuramoto-Sivashinsky equation, one sees that the
front dynamics for é > 4. is determined by the instabil-
ity at long wavelengths, due to the fact that » < 0 in
the A¢g term, and the dissipation at short wavelengths
controlled by the A2¢y term with positive x. The dis-
persion relation of the Kuramoto-Sivashinsky equation is
w(k) = —vk? — kk* with maximum at k,, = (—v/2k)/2.
The long wavelength structure drives the dynamics of the
extrema (“particles”) whose collision dynamics provides
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the dissipation of the energy. The characteristic distance
between extrema can be related to the wave vector by
£* = 2w /ky,. Using a zeroth order approximation to the
v and k coefficients given in the next section, for § = 5
we obtain £* = 30 which is comparable to the value of
£* = 39 found in the numerical simulations. Using the
methods given in Sec. IV it is possible to obtain v and
x accurately and improve this estimate. For the present
purposes this rough estimate plus the appearance of the
space-time plot [14] in Fig. 4 suffice to confirm the gen-
eral character of the Kuramoto-Sivashinsky mechanism
for the chaotic cubic autocatalysis front dynamics for
large system lengths.

It has been argued [15] that the long-scale dynamics of
the one-dimensional Kuramoto-Sivashinsky equation can
be described by the Kardar-Parisi-Zhang equation [16],

8¢0 (tv y) =D 82¢0 (ta y)
ot - oy?

ST s (9

where c is the front speed, D is a diffusion coefficient,
and {(t) is a Gaussian white noise source with correlation
function (£(¢,y)¢(t',y')) = 2I'6(¢ —t')é(y —v'). Although
there is debate about some aspects of the reduction in
higher dimensions [17], numerical simulations [18] of the
scaling properties of the Kuramoto-Sivashinsky equation
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FIG. 4. Space-time plot of the minima of the profiles for
(a) the Kuramoto-Sivashinsky equation and (b) the amplitude
equation (19).
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have confirmed this reduction in one dimension. The dif-
fusive character of the cubic autocatalysis front dynamics
discussed in Sec. II is consistent with such a description
and provides additional confirmation of the applicability
of the Kuramoto-Sivashinsky equation close to the onset
of instability.

2. Biscale chaos far from instability

Far from instability, for § > 6., we have seen that the
cubic autocatalysis model presents new features. The
space-time plot [Fig. 1(b)] shows that besides the rela-
tively short-lived trajectories, which are similar to those
of the Kuramoto-Sivashinsky equation, there exist long-
lived, stable patterns. We have verified that this type of
biscale chaotic front dynamics, which involves a second
characteristic length scale, cannot be described by the
Kuramoto-Sivashinsky equation. One may seek a gener-
alization of the Kuramoto-Sivashinsky equation in which
the coefficients of the A¢g and A2¢y terms are modi-
fied; this in effect changes the dispersion relation and if
it has the form sketched in Fig. 5(a) with two extrema
then one might observe biscale spatio-temporal dynam-
ics. We note, however, that direct numerical calculation
of the fastest growth mode and the growth rate corre-
sponding to it (cf. the Appendix for the method used to
carry out this calculation) shows that the dispersion rela-
tion remains similar to that of the Kuramoto-Sivashinsky
equation even for § > 4. (see Fig. 5 for a schematic rep-
resentation of the situation). Thus one must seek a de-
scription of this new type of front dynamics outside the
usual Kuramoto-Sivashinsky equation or modifications of
it that involve a generalized dispersion relation.

We now describe a model that captures the qualitative
features of this phenomenon and is consistent with the
amplitude equation (12) derived above. Since the origin
of the new dynamics does not reside in terms that affect
the dispersion relation, one is led to examine the nonlin-
ear term in (12) which, for future reference, we rewrite
in terms of its Fourier transform:

29088 — k)t )
+£‘(§Q ; E'(k—K)po(t, k' po(t, k — k'),

(19)
where g(k) is given by

—%g(k) =bo— > ci{W(k) )b,k .

i,7>0

(20)

Recall that by = —c/2. The dynamical system governed
by 8¢/8t = (V¢)? conserves the quantity [(V¢)2d¢ as
can be seen easily from the identity [19]:

I

2 [voyae= 2 [ voveya

2
-3 [v(vorae,

(21)
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so that below we shall refer to the linear and nonlinear
terms in (19) as dissipation and mixing terms, respec-
tively. Multiplying (19) by ¢o(t, —k) and averaging the
resulting equation over time we have for the stationary
power spectrum

0 = w(k)E(k)
+ 98 Sk — )
-
x(¢o(t, k') po(t, k — k')o(t, —k)) .

From this equation it is clear that the stationary proper-
ties depend on the ratio w(k)/g(k) so that for g(k) as in
Fig. 5(b) we see that the growth of the mode with wave
number kg is strongly suppressed. While the above ar-
guments do not constitute a rigorous “proof” they serve
as a guide to the proper form of the mixing coefficient.
Technically, the above scheme is accomplished in a nat-
ural way when a zero of W(k) comes close to the real
axis in the vicinity of the maximum of the dispersion re-
lation. In thij\ case the behavior of g(k) is dominated by
the pole of W~1(k) and the mixing coefficient may be
approximated by

(22)

ek?

Ey=14+ —7—F——
g( ) +(k_k0)2+72?

(23)

a) | o

b) gk)

ko k

FIG. 5. (a) The solid line is a schematic representation of
the dispersion relation for § > d.. The dotted line shows the
hypothetical form of the dispersion relation with two energy
sources. (b) Proposed rate of energy mixing g(k) that pro-
duces biscale patterns.
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where the damping term can be rationalized in terms of
the continuous spectrum of ;.

In the simulation of this equation we scale space, time,
and ¢o so that v, k, and ¢/2 are unity and take the
following values for the parameters that appear in g(k):
€ = 0.2, kp = 0.6, and 2 = 0.005. The results are
presented in Fig. 4(b). In the figure one sees the exis-
tence of the structures with two different length scales,
the main signature of biscale chaos. The generalized am-
plitude equation does not capture all of the details of
cubic autocatalysis front dynamics far beyond the onset
of instability. For example, the simulations of cubic au-
tocatalysis show a broader distribution of longer length
scales and, as is quite evident in Fig. 1, regions where
there are no extrema. The full descriptions of these fea-
tures may be specific to cubic autocatalysis and require
a more detailed analysis. However, the main feature, the
emergence of a second length scale, is described by the
model. '

We note the similarities in transitions to ordinary and
biscale chaotic regimes. In the former case the transition
takes place when (uo|D|ug) passes through zero and in
the latter we require a zero of {4;;\; — (u;|D|u;)k?} to
cross the real axis. The correspondence between the pole
of W~ and the existence of structures with different
wave numbers suggests that this phenomenon can arise
in other contexts. The existence of more complicated
structures, say with three or four different wave numbers,
is unlikely in view of the continuity of the spectrum and
the fact that the dispersion relation is a smooth function
of k. Consequently, the amplitude equation (19) could
serve as the basis for the analysis of such phenomena in
systems other than the cubic autocatalysis reaction.

IV. PARAMETERS IN THE
KURAMOTO-SIVASHINSKY EQUATION

Thus far we have not related the parameters in the
Kuramoto-Sivashinsky equation to those in the cubic au-
tocatalysis model (1) and in this section we determine v
and x. We first present an approximate analytical calcu-
lation of these parameters based on the exact solutions
of the right and left eigenvalue problems for |ug) and
(ug|, respectively, for the case of equal diffusion coeffi-
cients [20]. This provides insight into the structure of
the eigenvalue spectrum and the corresponding eigenval-
ues. We then describe a general numerical scheme which
can be applied to other models as well. In this section
we choose a different space scaling and set Dy =1+ p
and D = 1 — p since this simplifies the computations.

A. Case of equal diffusion coeflicients

When the diffusion coefficients are equal (u = 0) the
reaction-diffusion equation (1) supports an additional
relation involving the a and (3 concentrations due to
conservation of the total mass at each point of space,
a + (3 = 1, given that at the initial time this relation is
satisfied at every space point. We can rewrite system (1)
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(Da = Dp =1) in the form

oo

= a1l -a)? .
g a(l —a) + Aa

(24)
Local initial input of the autocatalyst induces the cre-
ation of a front, propagating with the minimal velocity
[8], whose profile is

ao(§) =

where ¢ = 1/+/2 is the velocity of the front. The form of
the 3 profile follows from the mass conservation relation.
Henceforth, when confusion is unlikely to arise, we drop
the subscript 0 on a and (3 to simplify the notation.

Next we discuss the spectrum of the eigenvalue prob-
lem (7) for the cubic autocatalysis problem when the
diffusion coefficients are equal. Using the explicit form
of DF(z¢) derived from (1) we have

1+ exp(—c£)] ™ (25)

(5—; +ec 65 ,32) X1 — 208X, = A X, ,
(26)
32X +(82 +c o +2aﬂ>X =X
1 9¢? £ 2 25

where we have written the components of a general right
eigenvector u as u = (X, X3). We shall show that the
spectrum is obtained from two distinct equations. First,
by adding the two lines of (26), we obtain a linear differ-
ential equation with constant coefficients:

0? 17]
AX, 2
Lo *+ 3¢ < = 20
where X = X; 4+ X,. After a change of variables

X = exp(—c£/2)Y we obtain [0%/9¢? — c?/4]Y = AY.
The eigenvalue problem for Y has a continuous spectrum
(—oo, —c? /4] In these considerations we have omitted
the case X; + X3 = 0, which satisfies the eigenproblem
for X automatically. Using this relation we obtain the
following equation for the other part of the spectrum:

62
o6 <o
After the same change of variables X; = exp(—c{/2)Y1
we get a “Schrodinger” equation with potential
V =—-2a8+ 8% |[cf Fig. 6(a)] and energy levels
E;, = -2 /4 — X;. We see that this equation has a con-
tinuous spectrum starting from zero as well as a discrete
spectrum. The WKB method may be used to obtain
approximations for the eigenvalues and eigenfunctions.
Applying the Bohr-Sommerfeld quantization rule we get
Ey = —0.1066 for the first energy level, which is in good
agreement with the theoretical value —c?/4 = —0.125.
This indicates that the WKB approximation is reliable
and it predicts that the potential well is too shallow [21]
to have other discrete energy levels. So we conclude that
the spectrum consists of a zero eigenvalue and doubly
degenerate continuous spectrum lying in (—-oo, —c?/ 4].

+ (2a8 — ﬁz)] X; =X, . (28)
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The right eigenvector |uo) = 8|zo)/0€ was discussed
in Sec. II, but the left eigenvector (ug| is more difficult
to obtain. We now construct the explicit form for (uo]
for the case of equal diffusion. Letting (ue|€) = u}(¢) =
(X71,X3) the eigenvalue problem for u}(¢) takes the form

82 9 * 2 * *
5?_68_5 Xl_ﬂ(Xl—'Xz):O’
(29)
02 01 ¢+ « *
l:—é*? — Ca—£:| X 2a,B(X XZ) =0 s
so that the difference X* = X} — X3 obeys

o2
e
This can be cast into the form of (28) after the change

of variable X* = Aexp(cf)Z, where A is some constant
defined by the normalization condition (uy|u,) = 1:

] .
—c5£+(2aﬁ—ﬂ2)]X =0.

© 9o oPde — cA
(g lug) = 6§X d¢ = cA/O da=—; (30)
hence, we have
X* =31+ exp(—cﬁ)]_z (31)
A%
a) V=-20ap +p2
£
b) B
X
,,,,,,,,,,,,,, X3

FIG. 6. (a) Plot of the potential in the WKB approxima-
tion. (b) Plots of the components of the left eigenvector for
the case of equal diffusion coefficients.
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Performing the change of variable ¥ = exp(—c£/2) X7 in
(29) and using (31) we obtain

2
v ()

The Green’s function for the operator [8%/9¢% — c?/4] is

given by G(¢) = —c ' exp(—c|¢|/2). Convolution of G
with the right-hand side of (32) yields a solution for X7,

= 38° exp(—c£/2)[1 + exp(—ct)] 2

(32)

1+ 2exp(—cf)

X1 =—-—r7"—7-——37%, 33
1 (6) [1 + exp(__cé-)]z ( )
and the difference between X{ and X* gives X3,
. 4 + 2 exp(—cf)
X = —————= 34
0= "1y ep(-eP (34
These functions are plotted in Fig. 6(b). The
functions have limiting behavior X7 (+o00) = —1 and

X3 (4+00) =—

System (29), for any diffusion coefficient ratio, has an-
other zero left eigenfunction V* = (1, 1), which appears
due to conservation of the total mass of the reagents. The
right eigenfunction V corresponding to V* is

2c€+ 3 )
T+ oxp(cd)

L 2 2C£ +3
Vz(ﬁ) =1 3+ 3exp(—cf) ( + 1 +6XP(C£)> . (36)

While both the “bra” vector corresponding to spatial in-
variance and the “ket” vector obtained above do not de-
cay to zero at £ = oo their scalar product does and the
product is given, after change of variable, by

(V]uo) = \/5/01 [4a2 1n1f

Vi(§) = (35)

2
3 + 3exp(—cf) (

—2(1+ 3a)(1 - a)] da=0. (37)

Since the above integral vanishes these considerations in-
sure us that we have an orthogonal system of “bra” and
“ket” vectors. Moreover, the fact that one product is
finite and the other is not removes an ambiguity in the
definition of the left eigenfunction. We believe the same
situation holds for arbitrary u.

1. Estimate of v for p # 0

For equal diffusion coefficients D is the identity ma-
trix and it follows that v = (uo|D|ug) = 1. However,
using |up) and (ug| computed for p = 0, we may obtain
a first order approximation for v for unequal diffusion
coefficients. From (16) we write

v = (ug|D|ug) = 1 + p(uo|I|uo) , (38)

1 0

where I = ( 0 —1 ) Using the explicit, equal-diffusion
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forms for (uoe| and |u0) we get

(uo[Iuo) (X1 +X3)d¢

/ (@® +4a)d 7 (39)

and v =1—Tu/3.

2. Estimate of k for p # 0

When the diffusion coefficients are equal and D is the
identity matrix we have k = 0 in view of the orthogonal-
ity of the eigenfunctions. However, as in the preceding
subsection we can obtain an estimate for x for arbitrary
1 using the solution of the eigenvalue problem for p = 0.
To obtain this estimate we assert completeness of the
set of eigenfunctions; i.e., >, |u;)(u;| = 1. Using this
assumption we obtain [22]

3 {toldlu)wulBluo) _ (41 Bix) — (uolBluo)uolx) ,

i Ai

(40)

where |x) is a solution of the equation

62
[PF 4D s + e | 10 = Aluo) = (ol Al
(41)
In this gereral expression we let A = B = D and use

(uo|D|u;){u;|D|ue) = p2(uo|I|ju;){u;|Ijue) in (41). Us-
ing A = D and adding the two lines of (41) we have

& o2 (21 + z2) = 2a (42)
= = o) = ,
agz T Cag| T ¢
with a¢ = da/d€. Solving the above equation with ap-
propriate boundary conditions we get
21In(1 + eci)
=————" 43
Iy + ) P ec€ ( )
Equation (41) can be solved for z; to obtain (we use in
the next equation the explicit form for (uo|Ijuo))

2
[;’52 86 + 2a8 — ﬂz] z1 = 2af(z1 + z2) + %ae .
(44)

This equation takes an especially simple form after a
change of variable £ — a. The derivative possesses the
form (8/0¢) = ca(l — a)(0/0a) and (44) after simplifi-
cations is tantamount to

o2 0
a(l—a)Wm1+2(1—a)£w1+2 (B—a )=z

8 (155+ (1—a)21(1—a)) . (45)
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We know that af is a solution of the homogeneous equa-
tion. By the substitution z; = aBx we decrease the order
of (44). Solving the resulting linear first order equation
we obtain the solution

2 2 2 aZ 2
T = — [2a (l—a) 1n(1—a)+a+—2— a

9c
1;“)] . (46)

From the form of the solution it is clear that the solution
decays faster than e~ 7°l¢l| 0 < 4 < 1, and thus the scalar
product is well defined. To integrate we use the identity

[ o= /01 et (47)

and integration gives

+7a(l —a)ln(

= Z (uo|D|u;){u;|D|uo) _ 264+ 4072 2

X 77 (48)

i>0

Finally, collecting the above information, we arrive at
the following expression for the Kuramoto-Sivashinsky
equation with approximate coefficients deduced from the
cubic autocatalysis model (1):

d¢o _( 7 )V2¢0_264+407r2

70 _ (12
at 3k 27

—5(V0)” (49)

M2V4¢0

B. Numerical computation of v for u # 0

In order to determine v exactly, within the present
approach, one must construct a scheme to determine the
left eigenvector u}, the solution of Ltu* = Au*, for A =0
and arbitrary u. For the cubic autocatalysis problem the
left eigenvectors are given by the solutions of

9? 0 2
[(14“#)3—62—0;92“:3 ] Uy + (502 = Ay,

(50)

2 1s]
—208%; + |(1 - #)5‘5—2 - +208| ¥y = AV, ,

“o¢

where we have written a general left eigenvector as
u* = (¥, ¥,;). The solution of this eigenvalue problem
in terms of a complete basis entails the solution of a diffi-
cult sparse, nonsymmetric, nontridiagonal matrix eigen-
value problem. In order to avoid solving the eigenvalue
problem by matrix methods we use the following device.
We consider an auxiliary problem that originates from
the system of equations (50). In (50) we replace terms
¢(8/0¢€) by the time derivative and take o and B to be in a
moving frame with velocity —c [i.e., a(t,z) = ao(z + ct),

B(t, z) = Po(z + ct)]:
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Ot = (1 + WA — (W~ Ty),
(51)
_a_g’t_z =(1—-p)A¥; —2a8(¥; — ).

Eigenvalues of the adjoint eigenvalue problem Liu* =
Au* coincide with those of (7) and for nonzero eigenvalues
their real parts are negative and separated from zero.
Using this observation we deduce that all but one of the
components exponentially decay so that the persistent
solution of the system of partial differential equations
(51) is proportional to (ug|. It is worth noting here that
in order to obtain (ug| one should take unequal initial
distributions for ¥; and ¥, in (51).

Numerical computations of both (1) and (51) were car-
ried out using the following hybrid of the Runge-Kutta
and Crank-Nicholson methods:

?L—"—L(t) _ DAZ_’%U) +F(z(t) ,
2(t+7)—2(t) _ ppzt+T) +at)
- 2
F (+T(t)> : (52)

We use a nonuniform distribution of mesh points with
density z/(1 — z®)~!, where z is in the range [—1,1].
The matrix coefficients and vectors were computed us-
ing a finite element method with functions approximated
by a sum of caret functions. During the simulations the
profiles were monitored and constantly shifted to the ori-
gin. To do this the profiles were interpolated using a
monotonicity-preserving, piecewise-cubic, Hermite inter-
polant to a set of data points [23]. For the velocity we
use the following relation:

c= /oo af?de . (53)

Due to the fast decay of the rate of the reaction outside
the reaction zone the infinite range of the integration can
be replaced by the limit mesh points and the value of the
definite integral of the interpolant is easily computed.

The results obtained in simulations for the case of equal
diffusion coefficients were compared with the analytical
results from the previous section. The absolute errors for
the velocity and for (uo|I|uo) are about 107® and 1074,
respectively. This confirms that the numerical procedure
is accurate.

V. CRITICAL DIFFUSION RATIO

While it is clear that the planar front is unstable for
sufficiently large values of the diffusion ratio §, no es-
timate was provided for the critical diffusion ratio, é.,
where this instability takes place. There are a number
of estimates of 4. in the literature. Horvéath et al. [10]
estimated §. =~ 2.9 from direct simulation of the reaction-
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diffusion equation and found §. = 2 from an application
of Sivashinsky’s method, which assumes an infinitely thin
reaction zone, to the cubic autocatalysis problem. Zhang
and Falle [24] computed the dispersion relation directly
and found é. =~ 2.0. Finally, Milton and Scott [25] ob-
tained §. =~ 2.366 using the eikonal theory and §. =~ 2.25
from numerical simulation. This quantity is difficult to
estimate by simulation of the reaction-diffusion equation
and its direct calculation presents a number of interesting
features.

In the context of the amplitude equations discussed
in Sec. III, §. can be determined from the condition
v = (ug|D|ue) = 0. This, in turn, requires the com-
putation of the left and right eigenvectors of the eigen-
value problem [26]. The analytical estimate of v dis-
cussed above immediately gives an estimate of the criti-
cal diffusion coefficient ratio. The critical value of u, u.,
is given by the solution of v =0 = 1—"7u./3 or u. = 3/7.
Since § = (1 + u)/(1 — 1) we have . = 2.5.

To determine the critical diffusion ratio exactly we use
the numerical scheme outlined above to determine the
left and right eigenvectors for arbitrary p. In this way
the critical diffusion ratio can be obtained iteratively. At
each step the ratio from the previous run was taken and
new profiles and the ratio —(ug|Ijug)~' corresponding
to them were determined. Iterations rapidly converge to
the value p. = 0.39397, which corresponds to diffusion
coefficient ratio §. = 2.300.

We have also computed the dispersion relation to pro-
vide additional confirmation that 6. > 2. The details of
the computation are given in the Appendix. The method
we use allows us to put several thousand mesh points in
the reaction zone (compared to about 40 in [24]). In the
small wave number range the dispersion relation should
have a dependence on k given by that of the Kuramoto-
Sivashinsky equation. The maximum growth rate for the
dispersion relation w(k) = —vk? — kk* is v?/4k. We see
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FIG. 7. Dispersion relation of the cubic autocatalysis
model for the case p = 0.45 (or § = 2.636). The symbols
+ denote the dispersion relation constructed from the numer-
ically obtained growth rate. It is compared with the first
order approximation w(k) = 0.142k? for small values of k.
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that when é approaches 4., so that v ~ (6. — ), the max-
imal growth rate rapidly decreases and can easily fall out
of range of the precision of the calculation. Moreover,
direct simulation shows the presence of a very slowly de-
caying tail of the autocatalyst and its length increases (cf.
the Appendix) when k approaches zero. So the calcula-
tions could also be affected by the limited system size.
We also observe that least-squares fittings of the data in
Fig. 2(a) of [24] gives v = 0.34 and x = 1.7 indicating
stability of the front. A further test of our computa-
tion of the dispersion relation comes from the first order
approximation of v in the Kuramoto-Sivashinsky equa-
tion when g = pe: = pe + Opu. In this case we have
v =1+ p(ug|Ijug) = —déu/pc. The results of our com-
putations of the dispersion relation for the case u = 0.45
(6 = 2.636) are given in Fig. 7. We see that near the ori-
gin the dispersion relation is well approximated by the
curve w = 0.142k?, where 0.142 = §p/p..

VI. SUMMARY AND DISCUSSION

The chaotic dynamics of cubic autocatalysis fronts
shows two distinct kinds of behavior depending on the
diffusion ratio D4/Dp. Close to the onset of the front
instability the transverse structure can be described in
terms of a single length scale. The characteristic length
is associated with the wavelength of the most unstable
mode and the dynamics can be viewed in terms of a
particle picture. The front extrema can be associated
with “particles” that collide and coalesce and new parti-
cles are created to maintain the average particle num-
ber. This dynamical regime was characterized statis-
tically and shown to be described by the Kuramoto-
Sivashinsky equation.

For large values of D4/Dp a dynamical regime was
found where the front is characterized by two length
scales. We term this type of chaotic front dynamics bi-
scale chaos. Biscale chaos cannot be described by the
Kuramoto-Sivashinsky equation and we introduced an
amplitude equation which is a generalization of this equa-
tion. This amplitude equation accounts for a modified
nonlinear energy mixing among the modes. We identi-
fied this kind of behavior with a pole near the real axis
of a linear operator obtained in the course of the analysis
of the dynamics of small perturbations. The observed
phenomenon may prove to be quite general in light of
the simple prerequisite for it, namely, the crossing of the
real axis by a pole. However, we believe that the coex-
istence of structures with three or more length scales is
unlikely since it requires the operator to have more com-
plicated properties. Questions about qualitative effects
of this irregular dynamics on microscopic quantities (e.g.,
mean front velocity, diffusion coefficient of the interface,
etc.) remain. Another point to be investigated is the
possibility of describing the observed patterns in terms
of the dynamics of interacting pulses, which correspond
to small k£ modes, driven by noise.

An explicit reduction of the cubic autocatalysis
reaction-diffusion equation to the Kuramoto-Sivashinsky
equation was carried out and the coefficients that en-
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ter in this equation were determined. Both approximate
analytical values as well as a numerical scheme for their
exact computation for arbitrary D 4 /Dpg were given. The
numerical method copes with two problems that arise in
such calculations, namely, the nonlocal form of the zero
eigenvector and the degeneracy of the eigenproblem with
eigenvalue equal to zero, which comes from the conserva-
tion laws for the system. The algorithm is easy to imple-
ment and proved to be reliable. Using these results the
critical diffusion ratio where the front instability occurs
was computed and found to be Ds/Dp = 2.300.
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APPENDIX: NUMERICAL COMPUTATION
OF THE DISPERSION RELATION

The dispersion relation for the cubic autocatalysis
model was computed in the following way: The pertur-
bation of the front solution of (5) may be written in the
form

z(t,z,y) = zo(§) + x(t, z) exp(eky) . (A1)

We assume, when k is small, that the largest eigenvalue
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is separated from the others. Thus, after integration of
the equation

ot ox? (A2)

2
QZ:zmx+D(2——H)x,
for a sufficiently long time, only the most unstable
mode survives. The system (A2) is the same as system
(4.7) of [24] after proper scaling and change of variables
X1 = a1 — dag/dxz, x2 = by — dbo/dx in the notation of
this paper [27]. After transients the solution of (A2)
should propagate with the same velocity as the front and
grow with a rate w(k) and thus we can replace 9x /0t
with w(k)x —cx¢. In [24] the eigenvalue problem with x
as a vector and w(k) as eigenvalue was solved. The two
approaches lead to the same result but the latter necessi-
tates solving an eigenvalue problem for a nonsymmetric,
sparse matrix that is in general a difficult task. The di-
rect integration of the system (A2) is more accurate and
easier to implement. The results of the integration for
p = 0.45 are shown in Fig. 7.

To decrease the integration time we used as initial con-
ditions for x the eigenvector obtained from the run for
k — 0k and by employing numerical differentiation we
computed |ug), which is solution of the eigenvalue prob-
lem for k = 0.

We also note that the autocatalyst exhibits a slowly de-
caying tail whose length increases as k approaches zero.
The length of the tail can be estimated from the equa-
tion, x4 = k2x2 — c¢(1 — u)~x}, which is obtained from
the equation governing the dynamics of the autocatalyst
[second member of (A2)] by setting the reaction terms
to zero. When k is small the solution exponentially de-
cays as exp[—(1 — p)k®z/c] and the length of the tail is
of order Ly, ~ c[(1 — pu)k?]72.
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